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Since the constant ~1 is just a multiplicative scaling factor, 
one expects that, for various values of q, a linear correlation be 
found between (5 - 2) from Rathjen and Jiji and the present 
+l(q) with c( = 1. The constant of proportionality effectively 
determines the actual value of a. Now although equations 
(28H32) appear somewhat complex, the calculation is in fact 
very easy. The integrals of the complementary error function, 
the Hermite polynomials, and the B, themselves, can all be 
calculated iteratively in n, and the series evaluated term by 
term. For /? = 0.1, it was found that the difference between 
taking lOand20termswasin thefourthsignificantfigure,so20 
terms wereconsidered sufficient for a rough comparison. For q 
in the range 2.25(0.05)2.8, a correlation coefficient of0.999 was 
found, and the regression gave a = 0.18(5), with a very small 
intercept at about 2 x lo-‘, which should in theory be zero. 
Note that taking too large a value of q for comparison gives 
insufficient difference from the Neumann solution to rely on 
with any accuracy, and too small a value will be affected by 
higher order terms in the asymptotic expansion. Given this, 
the agreement is clearly very satisfactory, and bears out the 
form of the solution. The results are presented graphically in 
Fig. 2. 

5. CONCLUSIONS 

The leading term in the asymptotic approach of a two- 
dimensional Stefan problem to the Neumann solution has 
been found, in a form amenable to calculation. Agreement with 
availablenumericalresultsfor thecaseofaright-angledcorner 
is good. 
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APPENDIX 

The following results are needed in the foregoing analysis. 
The proofs are straightforward, and so are omitted. If 

.I” = 
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co 
T e+ J%(V) dq (Al) 
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then 

J, = Jn, and J,=O, forn=0,2,3,4 ,.... (A2) 

If 

s 

m 
I, = Cl - (erf v)~IK(v) drl (A3) 

-m 
then 

I, = 0 if n is odd 

and 

(- l)+t! 
In = tn + Qo(/.q!2’“- 31/2Jn if n is even. C44) 
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NOMENCLATURE 

covariant derivative of the covariant 
acceleration vector ai 
specific heat 
strain rate tensor 
mixed strain rate tensor 
Eckert number, fiz$/c,(T, - Tb 
dimensionless function of 5 
dimensionless function of c 
thermal conductivity 
dimensionless function of 4’ 
dimensionless function of c 
average Nusselt number on the lower disc 
average Nusselt number on the upper disc 
Prandtl number, y,cJk 
heat flux from the lower disc 
heat flux from the upper disc 
amount of heat transfer from the lower disc 
amount of heat transfer from the upper disc 
radial coordinate 
Reynolds number based on circulatory flow, 
V2V%v, 

Rem 

Re, 

T 
T* 

T. 
T.* 
Tb 
Tb* 
u 

u 
V 

0i.j 

c 
V 
w 
W 
Z 

ZO 

Reynolds number based on net radial outflow, 
m121rpz0v, 
Reynolds number based on the gap length zO, 
%lv 1 
temperature 
dimensionless temperature, Tcjv,n 
temperature at the lower disc 
dimensionless temperature at the lower disc 
temperature at the upper disc 
dimensionless temperature at the upper disc 
radial velocity 
dimensionless radial velocity, u/Qz, 
azimuthal velocity 
covariant derivative of the covariant velocity 
vector vi 
covariant derivative of the contravariant 
velocity vector v” 
dimensionless azimuthal velocity, v/nz, 
axial velocity 
dimensionless axial velocity, w/Rz, 
axial coordinate 
gap length between the lower and upper 
discs. 
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Greek symbols 
I dimensionless axial variable, z/z,, 

_ azimuthal coordinate 
Newtonian viscosity 
elastico-viscosity 
cross-viscosity 
kinematic Newtonian viscosity 
kinematic elastico-viscosity 
kinematic cross-viscosity 
density of the fluid 
dimensionless parameter representing the 
elastico-viscous effect, v,/zi 
dimensionless parameter representing the 
cross-vtscous effect, “z/z; 

sum of the parameters 71 and rz 
stress tensor 
mixed stress tensor 
dimensionless function of c 
viscous dissipation function 
dimensionless viscous dissipation function 
dimensionless radial variable, r/z0 
fixed dimensionless radius, ro/zo 
minimum value of x for no-recirculation in the 
caseofRe,>O 
maximum value of x for no-recirculation in the 
case of Re, < 0 
dimensionless function of [ 
angular velocity. 

INTRODUCTION 

THE PROBLEM of the fluid flow between two finite enclosed rotating discs (enclosed in a cylindrical casing) or shrouded discs has 
important engineering applications as its generalization could be helpful in the study of heat transfer analysis of air cooling of 
turbine discs [ 1,2] and the determination of the oil film temperature of pedestal bearings with centre feeding of lubricant [3]. Soo 
et al. [4] investigated the nature of heat transfer from an enclosed rotating disc. Sharma and Aganval [S] reconsidered this 
problem using an improved formulation suggested by Sharma [6]. The flow of a non-Newtonian second-order fluid between two 
enclosed rotating discs has recently been considered by Sharma and Gupta [7]. 

The present note is an attempt to study the heat transfer in the problem considered by Sharma and Gupta [7] in the following 
two cases : 

(I) when the discs rotate in the same sense ; 
(II) when the discs rotate in the opposite sense. 

FORMULATION OF THE PROBLEM 

The constitutive equation of an incompressible second-order fluid as suggested by Coleman and No11 [8] can be written as 

rij = 2~~di,+2p,ei,+4~j~d,, (1) 

where 

and 

d, = f(s,,, + q,i) (2) 

ei, = ti0i.j + 0j.J + lfU,,j. (3) 

In a three-dimensional cylindrical set of coordinates (r,&z) the system consists of two finite rotating discs of radius r, 
(coinciding with planes z = 0 and zo) rotating with constant angular velocities s,Q and s&I, respectively (where si and sz are 
constant parameters), in an incompressible second-order fluid forming part of a co-axial cylindrical casing. The symmetrical 
radial steady outflow has a small mass rate ‘m’ of radial outflow C--m’ for radial inflow). The inlet condition is taken as a simple 
radial source flow along the z-axis starting from radius ra. The lower disc z = 0 is maintained at a constant temperature T. while 
the upper disc z = z. is maintained at Tb. 

The energy equation describing the transport of thermal energy is 

pc$ = kVzT+cP 

where 

‘D = rid:. 

The boundary conditions on the velocity profile and temperature are 

u = 0, v = rs,R, w = 0, T = Ta at z = 0 

ll = 0, v = rs,Q w = 0, T = Tb at z = z,,. 

In non-dimensional form the velocity field is taken as [S] 

(5) 

(6) 

Rem M’(l) u = -xH’(r)+Re- 
7. x 

The expressions for H, G, L and M’ as found in ref. [‘I] are 
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G = ~s,+ts,-s,)O+~[~:(20~~-1~~+3571'-420~~+210~~-27~) 

-s:(20C7 -636’+ 35C4 + 80-s&(60<‘- 280c6 +441c5 - 280c4+ 70t3 - 1 IT) 

+s:s,(60i’-14u(“+21~s+17~~4-l~~3+24~)]+r~ [~;(~~-3<~+2[~) 

-s:(rs-514+753-31*)+s:s~(3~5- 1oc4+ I l~3-4~2)-s:s1(3~5-5~4+~3+~~)] (8b) 

L=Re, 2 ~~fs,(3~s-10~4~1013-35)-s,(3~s-5~4+21))f4~(s,-~,)(2~3-3~2+~)] 
( > 

(8c) 
I 

M’ = 6(~-~2)+~[s~(60~*-30nr7+588~6-2941’~3-263~z-~) 

+ s:(6O{’ - 1801’ + 168c6 - 294l” +420c4 - 263c2 + 891;) 

-~,~~(~~-2#~‘+238~~+12~~-105~~-28~~~247~=-46~] 

-~~~s~(~O5i”-595~4+~~~~3-939~2+239~)+s~~lO5~6-63~s+98O~4-9l~3+636~2-l8l~) 

-~~s~(210~~-630~~ +385c4+280c3 -303c2+585)] +Qr* Ref(s, -~$(5[~- 10c3 +6[2-[). (8d) 

The energy equation, equation (4), takes the form 

(9) 

SOLUTION OF THE PROBLEM 

Using velocity field (7) in equation (9) and neglecting terms of order (Re,,,/Re,)’ and higher, we get 

_Xf&!%&f aT* aT* 

x Re, 
-+2Hac ax I 

+48r, RE~(~3+H~~)+2Re~r~ 
I 

2 (6H’CG’ + 6LG’H” + ZHG’L” + ZHEG”) 
$n 

+(-6H’H“M”-2HH”M”‘-2M’H”2-2HM”H”’+4M’G’2) 
1 

+4&, Re,H’3 

+2Re,r, (-3M’H”2-6H’H”W+3M%‘2)+~(6H’LlG’+6LG’W) 
I IA II 

+ ~~~[(2ff”~+G”)+r, Re,(4BH”Z+4H’G’a+4;HH”H”‘+4HG’G”)+6~,Re,(H’Hn2+H’G’2)~ (10) 

where primes denote differentiation with respect to c. The appropriate form for T* as suggested from equation (10) is 

T* = 7-Z + #‘(C)-t x211(& (11) 

Following Sharma and Agarwat [S] and using the values of H, G, L and M’, the dimensionless form of the temperature is 
obtained as 

T-T, T*-T: 
-=- 
G--T, Tt-T: 

=i+ ~[s:(lO~7-7O~h+l47~5-lOS~4+18~+s~(1O~7-63~s~74~4-l7~) 

-s,~,(20C’--7~~+8~~-35~~+~]+E Pr 
[ 

f(s,_~,R~~-2~~+if 

+~{3Pr(s,-~,)~(2~~-6~~+5~~-~)-2{~~(~~-9~~~21~~-27~~+18~~-4~) 

+~~(~~+3~~-9~~+13~~-12~~+4~)+2~,~~(-~~+3~~-65~+7~~-31;~)~ 

-(~,(;4-~3+2~2-~f+l5~2(5~4-i~s+8~2-3~)~(s2-s~)2}+~~‘(s~-sl)z~(l~]. (12) 
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The average Nusselt numbers on the lower and upper discs are 

Q.2, 
NU"=(T,- 

(13) 

and 

QGO -- 
Nub - (T- T$k 

Z-- 
[ 

Pr Re* 
1+ ~(-17~~+18s~-s,s~)+EPr 

+8s~-8s2,-60Z~(s~-s~)2-45z~(s~-s~)z~ (14) 

where 

and 

are the amounts of heat transfer ; q.f = -(k/zo)(~T/~~)~=o~ and qbf= -(~/~~)(~T/~~=~~ the heat fluxes from the lower and 
upper discs, respectively. 

RESULTS AND DISCUSSIONS 

The dimensionless form of radii at which there is no-recirculation for the cases of net radial outflow (Re, > 0) and net radial 
inflow (Re, < 0), respectively, satisfy the following conditions 

I 

II 

Re,>O; 

Re,,,(= -Re,) < 0; 

(17) 

(18) 

Incasel(s, = sa = l),equations(l’l)and( 18)show that thereisno-recirculation for any r in both thecasesofnet radialoutflow 
and inflow as it is almost a solid rotation. In case II (si = 1, sp = - l), the minimum and ma~mum values of x for no- 
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FIG. 1. Variation of temperature with r2 at x = 20. FIG. 2. Variation of temperature with r2 at x = 1 
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-Rem> 0 

----Rem<0 

Frc, 3. Variation of Nusselt number with tt on the lower disc. 

-Rem>0 

FIG. 4. Variation ofNusselt number with TV on the upper disc. 

recirculation, namely, xi and x2 obtained from equations (17) and (is), respectively, are given by 

xf Ref(672Oz’ + 2322 + 1) - 6300 

Re,= 70 Ref 
(19) 

X4 6300- Re@j72&’ + 232~ + 1) 

Re,= 70 Re$ 
G3.8 

Hence in case II at Re, = 0.5 the necessary conditions to be satisfied by the flows that admits certain radii at which there is no- 
recirculation, are respectively given by T > 1.91 for net radial outflow and 7 < 1.91 for net radial inflow. 

For case1 (sl = s2 = l), the temperature variation with j&linear as&evident fromequation(l2)and theNusseIt numbersare 
constants, equal to 1 and - 1 throughout the entire radial region on the lower and upper discs, respectively. 

For case II (s, = 1, s2 = - l), Figs. 1 and 2 depict the behaviour of the temperature profile with z* (based on the relation t, 
= etzz, whereor = -0.2asfora S.~~~~ly-iso-butylene ty~~lutionin cetaneat 30°C [9J)for Pr = 20,E = O.O2,Re, = OSat x 
= 20 and 1 in the regions of recirculation (no-recirculation for Re, > 0) and no-recirculation (recirculation for Re,,, z O), 
respectively. Figure 1 shows that the temperature curve is elliptic being maximum approximately in the middle of the gap length 
while the shape is different in Fig. 2 giving the maxima near the upper disc. It is found that an increase in zz increases the 
temperaturein both theregions throughout thegaplength for a net radial outflow whilein case ofnet radial inflow the behaviour 
is just opposite and the temperature is less than that in the case of a Newtonian fluid. 

VariationofNusseltnum~r~u~and~u~~th~inthe~~ofs~ = l,s, = - 1 forPr = 20,E = 0.02&, = OSand~, = Shas 
been represented through Figs. 3 and 4, respectively, It is evident that the average Nusselt number on the lower disc is negative 
throug~oot the entire radial region and increases in magnitude with an increase in za for net radial outflow whife it decreases in 
magnitude for net radial inflow (Fig. 3). The behaviour of the average Nusselt number Nu, (which is positive) is similar to Nu,. 
Since Nu, is negative, the fluid is giving heat to the lowerdisc(at constant temperature Tb due to dissipation [4]. Figures 3 and 4 
also show that the heat transfer from the lower and upper discs in the case of a Newtonian fluid is higher (less) than the second- 
order fluid for net radial inflow (outflow) in the entire radial region. 

Ifs, = l,s, = O,tl = r2 = Oands, = 1,~ = O,theresultsareingooda%reementwiththoseobtainedbySharmaandAgarwaI 
[S] and Sharma and Bhatia [lo], respectively. 

~Ck~~wfe~e~nts-The authors are th~kful to the referees and Dr B. R. Pai for ~mments and advice which ted to 
improvements on the original draft. Thanks are also due to the University Grants Commission, Government of India, for FIP 
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INTRODUCTION 

IT IS known that the radiative properties of metals are 
intimately related to the surface conditions because the 
penetration of electromagnetic waves is limited to a very thin 
layer. Hence, surface damage related to polishing processes 
and roughness and oxide layer thickness are very important 
parameters affecting both total and spectral emittance [l-6]. 
Further it has been shown [7] that when a metallic surface 
undergoes an oxidation process, previous polishing and its 
particular technique can considerably affect the oxide layer 
growth and therefore the surface’s emittance. As a 
consequence, radiative properties of oxidized metals may 
largely depend upon the ‘history’ of the sample before 
oxidation. 

The aim of this note is to investigate the influence of 
annealing on total normal emittance ofoxidixed steel samples. 

EXPERIMENTAL RESULTS AND 
DISCUSSION 

Total normal emittance tests have been carried out by the 
experimental set-up shown in Fig. .l and previously described 
in ref. [8]. It allows a direct comparison of the total and 
spectral radiances issued by the surface under test and a 
blackbody cavity. 

The two radiances are alternately focused onto the entrance 
slit of a grating monochromator by means of a system of 
mirrors Li, Lz. L,. A high-vacuum Hilger-Schwartz 
thermopile collects the radiation emitted by the sample surface 
and by a blackbody cavity. A P.A.R. lock-in amplifier is used to 
measure the thermopile output. 

The size of the blackbody opening (1 x 6 mm) and the cavity 
dimensions yield an estimated apparent emittance of0.99. The 
temperature difference between the sample and the blackbody 
cavity is held within 1 K by means of an automatic 
temperature controlling system. 

Before the test the experimental set-up was checked against 
spectral emittance standards (NBS). The diierence between 
the measured and certified values fell within the standard 
deviations specified by NBS in the wavelength range l-7 pm. 

Since the oxidation rate of a metallic surface is strongly 
affected by many parameters such as physico-chemical 
characteristics of the material, oxidation, temperature and 
surface status, it is very important, in order to study the 
influence of annealing, to control the surface finishing as much 
as possible. 

In ref. [9] it was shown that the total normal emittance of 
this steel after oxidation in air was influenced by the initial 
surface roughness. An extremely low oxidation rate was 
observed on a polished mirror surface compared with that on 
surfaces with a greater initial roughness. On the other hand the 
same initial roughness does not involve a similar oxidation 
rate. In ref. [7] an increase of the average emittance by a factor 
of about 2.5 was observed when the sample surfaces were 
polished to the same final roughness by an industrial or a 
metallographic procedure. This effect, ascribed to surface 
damage can be removed by a suitable electrochemical 
polishing process. 

In order to study the effect of annealing on the total normal 
emittance of oxidized steel, two series of ten samples each were 
obtained from a rolled-mill plate of AISI 316 L steel, and one of 
them was annealed at 1350 K in an argon atmosphere for 1 h. 

All the specimens of the two series were then mirror polished 
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FIG. 1. Scheme of optical system. 


